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AHHOTaANUA

Llenbio paboTh! ABIsETCA HAXOXKJICHHE aCHMITOTHYECKOTO PEIIeHHUs KPaeBoH 3a/a4yu o
pacIpoCTpaHEeHNHU BOJH 110 CBOOOIHOM MOBEPXHOCTH JJUCTIEPCHON CMECH HEOTPaHWUEHHON
ryOrHbl. MHOTO(a3HbIe CPeibl, XapaKTepH3yIOMIHecs HATMIHEM MaKpOCKOMYECKHX (IO
CPaBHEHHIO C MOJICKYJIIPHBIME MacITabaMi) BKITIOUEHHUH, BCTPEUAIOTCS B IPUPOIE, IIHPOKO
pacnpocTpaHEeHbI B TEXHOJIOTMYECKUX IpolieccaX. JUcnepeHble CMeCH, COCTOSIIIUE U3 ABYX
(a3, ABNAIOTCSA CaMBIMHU MIPOCTHIMU U3 HUX. MaTeMaTHyecKoe MOJIeTMPOBaHNE TaKuX Cpes
OCIIOXHSETCS HEOOXOMMMOCTBIO YUHTHIBATH AP(EKTHI MEK(PA3HOTO B3AUMOJICHCTBHSL, YTO
3HAYUTENBHO YBEIMYMBACT YHCIIO TAPAMETPOB, BXOMNUX B ypaBHeHus. [ToaToMy raBHyI0
CII0XKHOCTD TPU MOCTPOSHUN MaTeMaTH4eCKOI MOJIENH MPEACTABIAET MOMyYEeHHE 3aMKHYTOM
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CHCTEMBI ypaBHEHHH. B TaHHOI paboTe HCTIONB30BaHA CXeMa COBMECTHOTO Jie(hOpMUPOBaHHS
(a3, npemioxkennas X. A. PaxMarynuHbIM (B Ka4€CTBE 3aMBIKAFOIIECTO YCIIOBHS UCIIOJIB30BaHO
HPEITONIOKEHHUE O PABEHCTRE JaBjieHuH B (ha3ax). PaccMoTpeHa HelMHeHHAs KpaeBas 3a/1aua
0 PacTpOCTpaHEHUH OBEPXHOCTHBIX BOJH IO CIIOIO BYX(ha3HO cMecH OeCKOHEeTHOH ITy0u-
HBI; B KauecTBe HecyIIeH (a3l BRIOpaHa HeC)KMMaeMas njiealibHast JKUIKOCT, IACTIepCHAs
(aza— TBepabIe HenehopMupyeMble yacTHIpL. [Ipeanonaraercs, 4To JiMHA TOBEPXHOCTHON
BOITHBI MHOTO 0OJIBIIIE €€ BHICOTHI. Haii/IeHO acHMIITOTHYECKOE PEIIeHNE 3a/]aull B IMHEHHOM
NpUOIHKEHNH 110 MAJIOMY aMIUIUTYAHOMY TIapaMeTpy B BUJIE 3aTyXaroluxX OEryImx BOIH.
OmpesieneHbl JaBlicHUE, CKOPOCTH BOJHOBOTO JIBUKCHMS JUCTICPCHONW M Hecymiel (assl,
(bopma cBobomHOM TOBepXHOCTH. [[0Ka3aHO, UTO BO3MYIIIEHHE KOHIIEHTPAITUH BTOPOH (ha3bl
BeNMYIHA O0Jiee BEICOKOTO MOPS/IKA MATIOCTH TI0 CPABHEHHIO C BOJTHOBBIMU BO3MYIIIEHHAMHI
ckopocteii (a3 u napneHud. [lomydeHsl TUCIEpCHOHHBIE COOTHOIICHUS TS ONPEISICHHS
(ha30BOI CKOPOCTU ¥ JIEKPEMEHTA 3aTyXaHUs BOIHBI. BBIOIHEHBI pacyeThl, HILTIOCTPHPY-
HOUE NOJTYYCHHBIC PE3YJIbTAThI.

KnroueBble ciioBa

I HUAPOANHAMHUKA, IOBEPXHOCTHLIC BOJIHBI, IlBYX(i)aSHaH CMECh, ACUMIITOTUYCCKOC PCIICHUEC,
AUCTICPCUOHHBIC COOTHOLICHHUA.
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BBenenue

Wzyuenne BOIHOBOTO ABMKEHUS IBYX(a3HBIX CMecel MpeICTaBIsIeT KakK IpakTuyie-
CKHH, TaK U TEOPETUUECKUH HHTEepec. MareMarnieckoe MOJIeIMPOBaHUE MHOTO(a3-
HBIX, U B YaCTHOCTH JIByX(a3HbIX cpell, Tpedyer yuera 3ddexror mexdasHoro B3a-
MUMOJICHCTBHS, YTO IPUBOAMT K YBEIMUCHHIO APAMETPOB, BXOASIIMX B YPaBHEHUS,
a 3HaYUT M K HEOOXOJMMOCTH BBE/ICHUSI IOTIOTHUTENBHBIX YCIOBUI [UISl IOy YEHHS
3aMKHYTOH CHCTEMbI ypaBHeHHUH. B kauecTBe mpuMepa nepBbIX padoT, MOCBSIICHHBIX
9TOMY BOIPOCY, MOXHO mipuBectd [4, 7, 8, 9]. Tak 3aMKHyTast MOJENb NBIKECHUS
MHOro(a3HOl cMecH BIepBbIe OblIa Mojy4yeHa B padote [9]; B kauecTBe 3aMbIKato-
IIET0 YCIOBHS UCIOIb30BAJIOCh MPEANOI0KEHHE O PABEHCTBE JJaBJICHUI B HeCyIei
U UcriepcHoM (azax

Jannas paboTa MOCBsIIIEHa HAXOXKIICHUIO aCHMITOTHYECKOTO PEIICHHUs] KpaeBOH
3a/1a4M O pacpOCTPaHEHUH BOJIH IO CBOOOTHOM MOBEPXHOCTH CJI0S JUCIIEPCHON CMECH
HEOrpaHUYCHHOW TITyOUHBI M UCCIIENOBAHHIO BIUSIHUS PUMECE Ha TapaMeTpbl BOJIHEIL.

MaremaTruueckasi MoJeIb

PaccmarpuBaetcst cioit AByx(ha3Ho# KUIKOCTH, HecyIas (asza — uaeaabHast HECHKH-
Maemast )KHJIKOCTh, TUCTIepCHas (pa3a — TBEp/IbIe YaCTUIIBI OTHOTO pa3Mepa, INIOTHOCTh
KOTOPBIX OOJbINE TUIOTHOCTH HECyIel cpeabl. TermonepeHoc U MacComepeHoc
MeXIy (azaMu OTCYTCTBYIOT. JIJisi MOIENMPOBAHUS CHIIOBOTO B3aUMOACUCTBHSI U
COBMECTHOTO JeopMupoBaHus (a3 UCIIOIB3YETCS CXeMa, IIPEIIoKeHHas B padoTe
[9]. B aTHX mpenmnonokeHusx, CoracHo [6], ypaBHEHHUs COXpaHEHHs] MacChl U M-
MyJTbCa UMEIOT BHT
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124 H. H. Bymaxosa

dp; dv; .
2+ V(i) = 0, pigt = —aVp + pig + (—DiaiaR( — V),

o ta, =1, pj = piocxi, p? =const, i=1,2. (1)

31ech p, — MIOTHOCTS, Py — MCTHHHAS TUIOTHOCTS, 0. — 00beMHas KOHLEHTPALHUS,
V. — BEKTOP CKOPOCTH JIBUKEHUS i-1 (a3l (MHAEKCHI 1= 1,2 OTHOCHTCS K BEIMIUHAM,
XapaKTepU3yIOLUIMM HECYIIYIO U AUCIIEPCHYIO a3y COOTBETCTBEHHO), P — JaBJICHUE,
€ — BEKTOP YCKOPEHUS CHIIBI TSDKECTH. DMITUPUIECKUi KodppuuneHT R xapakrepu-
3yeT cuily Bsi3koro TpeHusi CTOKca, BRI3BAaHHYH HECOBIIAJICHUEM CKopocTeit (a3 [6].
CB0OO/IHAS TOBEPXHOCTH OECKOHEYHO TITYOOKOTO CJIOS TUCTIEPCHON KHUIKOCTH I'PaHu-
YMT CO CPEIOH MPEHEOPEKMMO MJION TIOTHOCTH, P, — arMoc(epHoe naBieHve.

Ha cBoGoaHoii moBepxHoCTH Z = &(t, X, Z) JOJKHBI BBITOIHSTHCS YCIOBUS HE-
NPEPBIBHOCTH ITOTOKA MAcChl ¥ IOTOKA UMITYJIbCa, H3BECTHBIC KaK KHHEMAaTHYECKOE
U JUHAMHYECKOE YCIOBUS COOTBETCTBEHHO [1, 2, 3]

o Vip + AV, =V, p=P, 2)

e @1 Vip + 0zV2y, — HOpMaibHAs IPOEKIHs 00BEMHON CKOPOCTH CMECH, Vn— HOp-
MaJibHas CKOPOCTh CBOOOTHOW TTOBEPXHOCTH.

Kpaesas 3anaua

HeKapTOBa CHUCTEMa KOOpAWHAT BBOJAUTCA TaK, YTO B OTCYTCTBHE BOJITHOBOI'O JIBUXKE-
HUS CBOOOIHAS TIOBEPXHOCTH CJIOSI COBIMAAET C TIOCKOCThIO Z = 0, och Oz Hampas-
JIEHa TPOTHBOITOJIOKHO BEKTOPY YCKOPEHHSI CHITBI TsKeCTH g. [1o cBoOoIHOM ToBepX-
HOCTH CJIOS B IMOJIOKHTEIILHOM HampaBiieHnu ocu OX pacrnpocTpaHsIeTcs BOJTHA
JumHOM A. [lpenmonaraercs, 4To JJIMHA BOJIHBI MHOTO OOJIBIIE BBICOThHI BOJIHBI U
XapaKTEPHOTO pa3Mepa TBEP/bIX BKIIOUCHUMN. [IBM)KEHUE MPEIIOIaracTcsl miIoCKo-
TapaJuIeTbHBIM B IDIOCKOCTH (X, Z). B aToM cirydae cuctema (1) — (2) mpuHUMaET BUIT
0 (aViX aVix aViX) n i)

p .
i ot + Vix % + iz dz & + (_1)1(a1a2/ai)R(V2x - le) =0,

0v; 0v; dv; ap
o(iz iz OVig) 0P
p‘(at Vix 5y T Viz 62)+62+p‘g+

+(—1) (a0 /0)R(Vy, — vy,) = 0,

da;  0(ajviy)  9(a;vi,)
E-I_ 0x + 0z

=0, i=1,2, O(1+0(2=1,

0% §
0 WViz T %eVz, + % (a1vix + apvey) =0, p="F, z = §(t,x).

[lony4enHnast cucteMa ypaBHEHUH M TPAHUYHBIX YCIOBUHM HEJIMHEIHA, TOITOMY
JUIs ee pelIeHus: TpedyeTcsl NpUMEHEHHE aCUMITOTHIECKUX MeTonoB [5]. IIpenmo-
Jiarasi, YTO BCE€ BOJHOBBIC BO3MYILEHHS OJHOTO MOPSAKa MAJIOCTH, JUISI IOCTAHOBKH
KpaeBoil 3aauu BBOAATCS Oe3pa3MepHbIC NEPEMEHHBIC W BOJHOBBIC BO3MYILECHHS
HEHM3BECTHBIX BEJIMYHMH IPHU MOMOILHU 3aMEHBI
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x=x"/k, z=2"/k, t=t"/kc, &=¢€E"/k, vix =ecVi (i = 1,2),
Viz = O‘o(p(z) - p(l))g/R +ecVi,, v = (1 - ao)(Pg - P(z))g/R + ecVy,,
a, =ag+eayy, &y =1—0ay, p=P,—p°gz*/k+ ep°c?P

G=(p3—pNg/Rc, r=R/p%ke, p=pd/p° (i=12).

3neck * 0003HaUCHBI COOTBETCTBYHOLIME Oe3pa3MepHbIe nepeMenHbie; Y(t', X, z°),
P(t',x",2"), V(t',x",2")={V,_, V_},i= 1,2 — BonHOBbIE BO3MYIIEHHS KOHIIEHTPALIUH
JMCHepCHOM (ba31>1 JaBJICHHUs M CKOPOCTEH (a3 COOTBETCTBEHHO; 0, — KOHIIEHTPALHs
JucriepcHol (asbl B OTCyTCTBUE BOJTHOBOTO JABHXKEHUS; ¢ — (pa3oBast CKOPOCTh BOJI-
HbI; € — MaJiblii BOJIHOBOH napaMmeTp. B pe3ynbrare 3a1aua IpUBOAUTCS K BULY

oV, avlz) L9y
o o + o ( ava * a; o 0z 0 d
Y Y
_8“"( (a et azl*z) Vixggr T V12 50 ) 0,
ay aVZX aVZZ ay aVZX aVZZ) ay aY)
o T ox "o U “O)Gaz*”( (6x* t oz ) T Vg t Ve g
-0,
V. aVv. P
M1 atl*x + 0‘0“1(}6_1:( %" + oor(Vix — Vax)
aVv. aVv.
+ & (lll (le A% 1*X + Vi, P 1X) + apry(Vix — V2x)) =0
vy, av,, oP
M55 + 0‘0111GF P + agr(Viz — Va5) + apGry
aV. ov.
+e€ (M (le % l*Z + vlz aTl*Z) +O(OW(V12 - VZZ)) =0,
oVv. oVv. 0P
Wy aTZ*X -(1- ao)uzGaTz*X ;‘Va i (16—\/0‘0)1’(\/1)( — Vo)
+ & (Hz (V2x ax Z*X + Vs, 3 2X> + apry(Vix — V2x)) =0,
av, av,, oP
153 at*z — (1 = ap)uxG az*z + FrT (1 = ag)r(Vyz — Vaz) + apGry

aVZZ oV, 2Z _
+e| po | Vox = pe + Vo, = 97 + aory(Viz — V) | =0
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126 H. H. Bymakoea

a3
ot*

Gl
ax T

— (1= ag)Vy; — gV, + apGy + € <((1 —ap)Vix + 0‘0V2x)
2 az * * (pk ok %
+ooy(Viz — VZZ)) +e€ aOY%(VZX - Vi) =0, z" = €& (t",x",27),

P58 =0, 2" =" (t",x", 2"). 3)

B pesynerare nonmy4yeHna HenmuHelHas kpaeBast 3a/1a4a (3 ), 03BOJISIOIIas OTYyYUTh

ACHMITTOTHYECKHIE PA3JIOKEHHsI HEU3BECTHBIX CKOPOCTEH BOIHOBOTO JIBMXKEHHS (a3,
JABJICHHSI, BOBMYILICHUS KOHIIEHTPAMK 1 (POpMBI CBOOOTHOM MMOBEPXHOCTH.

JInHeliHas 3aMa4a

[Ipenmnonaraercs, 4To BbICOTA BOJIHBI MaJjla II0 CPABHEHUIO C [UIMHOM, B 3TOM CJIydae B
(3) MoxHO IpeHedpeys ciaraéMbIMH TOPSZKA € U paCCMaTPUBATh JTMHEHHYIO 3a/1a9y

ay ale aVlz 2 aY
BCFro “0)(ax* o ) —aGg, =0,
aY aVZX aVZZ aY
— (1 - )G =0,
o T ox T o UG5
ov. oVv. oP
151 ?1:( + aoth?l*x + EFe + apr(Vix — Vo) = 0,
av. av. JoP
] ?1: + 0‘0“1G671*Z + 9 + aor(Vy; — Vo) + ogGry = 0,
av, oV, oP
o 6t*x = (1= ap)u,G azl*x + Frr (1 = ag)r(Vix — Vor) = 0,
aVv. aVv. oP
HZWZ*Z -(1- ao)uzG?Z*Z + FrTh (1 —ap)r(Vy, — V) + apGry = 0,
a¢ .
at* - (1 - O(O)Vlz - a()VZZ + OLOGY - 0, Z = O,

g * *
P—FE =0, z"=0. (4)

Heob6xoammo, 9ToOBI TPH paBEHCTBE HCTHHHBIX TUNIOTHOCTEH (pa3, a TakkKe B OT-
CYTCTBHUE BTOPO#i (ha3bl pereHue 3aaa4u (4) nepexoauiio B u3sectHsie [ 10]. [Toatomy
HEH3BECTHBIC BETMYMHBI ONIPECISUINCH B BUJIC 3aTyXaOMNX OCTYITHUX BOJTH BHAA

e Y (C, (2 sin(x* — t*) + C,(z*) cos(x* — t*)),
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riae b = B/kc — Oe3pa3MepHbIi IeKpEMEHT 3aTyXaHus BOJIHBI (B — pa3MepHBbIi jie-
kpeMeHT). C yueToM TpeOOoBaHHsI 3aTyXaHHs BOJIHOBOT'O JIBHYKCHHUS Ha TITyOWHE, TTOJTY-
yeHo pemenne (1= 1,2)
P = e P (Mcos(x* — t*) + Nsin(x* — t*))e?,
y=0,
Vi = e_bt*((miM + n;N) cos(x* — t*) + (m;N — n;M) sin(x* — t*))ez*,

Vi, = e‘bt*((niM — m;N) cos(x* — t*) + (m;M + n;N) sin(x* — t*))ez*,

&= e‘bt*((slM +5,N) cos(x* — t*) + (5;N — 5,M) sin(x* — t)),

1
m; = Z((bz + Dy + 2bpy pp (Gra (1 — op) — 1)
+ Gy (r(Bag — 2) 4 G (1 — ap)?) + 1'2).

1
m; = Z((bz + Dpfpy — 2bpgpp (Guyag +1) +
+Guypp (r(3ay — 1) + Guyag®) +r12),

ny = 5 (D02 + Dy — b2y (Gia Bty = 2) + 1) — b,
+ bGuypp (rBay — 2) + Gy (1 — ag)?) + br?
- O(O(Gl»h Mo + 1, — H1))(H2 + ZbGallzo(l —ag)
— Gr(1 — ag) + G2, (1 — ap)?)),

1
n; = Z(b(bz + Dpfuz — B2ua i (Gry (Bag — 1) +1) — b?ryy
+ bGuluz(r(3a0 - 1) + Gp_laoz) + bI‘Z
+ (1 — o) (Guypz + r(iy — py)) (uy — 2bGpyag + Grog
+ G2H10‘02));
s; = (1 — ap)(my — bny) + ay(m; —bn,)/(b? + 1),

s, = (1 — ) (bmy + ny) + ap(bm; +n,)/(b* + 1),

A= ((bz + Dy pp — g (1 = ag)G(Gpypp + r(iz—py))
2
—b(r + Gpyp, (2ap — 1))) + ((Guypp — 1)% + 4 Gryy p3).
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128 H. H. Bymakoea

Bosmymienne KOHIEHTpauy JucepcHoi ¢assl ¥ = 0, TO eCTh SIBISETCS BEJH-
YHHOI 00JIe€ BEICOKOTO MOPsIAKa MaJOCTH 110 CPABHEHHIO C BO3MYIIICHUEM JIaBICHHS
Y CKOPOCTSIMU BOJIHOBOTO JiBrkeHus (ha3. Koaddurnmentst M u N onpezensirores U3
JIOTIOJTHUTEIIbHBIX HAaYaIbHBIX YCIOBH. 13 TMHAMHUYECKOTO YCIOBHS MOIYYEHBI AUC-
IIEPCUOHHBIE COOTHOLICHHUS JUIsl OIIPEAEIICHHS] HEU3BECTHBIX JIEKPEMEHTA 3aTyXaHuUs
B u dazoBoii CKOPOCTH BOJHBI C

(b? + 1ke? + gb((1 — ag)ny + agny) + g((1 — ap)m; + aem,) =0,

b((1 — ag)my + agm,) + ((1 — ap)n; + apn,) =0, b = B/kc.

JUJist MiIUTIOCTPAIMH TIOTYYEHHBIX Pe3yNbTaToB ObLUTH BBITIOIHEHBI PACcUeTh apa-
METPOB BOIIHOBOTO JIBIKEHHUSI IPU PACTIPOCTPAHEHUH I10 TIOBEPXHOCTHU CJIOS CMECH
BONHBI JUTHHOM A = 1 M. TIpenonaraercs, 4to Hecymas hasa HMEeT IIOTHOCTh P =
=1 000 kr/m* u TuHAMHYECKYIO Bs3KoCcTh 1) = 1,004-10- kr/(M-c), nucniepcHas (aza —
HemehopMupyeMbie chepruecKue qacTrIb paanyca a = 10 m. Ha pucynke 1 npen-
CTaBJICHA 3aBUCUMOCTb (Da30BOI CKOPOCTH BOJHBI C OT KOHLEHTPALUHU AUCIIEPCHOM
daspr a,. Ilpu a, = 0 paszosas ckopocTh BonHBI paBHa ¢, = 1,2495 m/c (paszosas
CKOPOCTb IPaBUTALMOHHOH BOJIHBI 1t MOHOCpe bl ). C yBelTHUeHHEM KOHIICHTPALIH
JcriepcHoO ¢asbl a3oBasi CKOPOCTh MaaaeT.

4 &
1.
1.
B
| 196 |y o s s o v e B O
0.02 006 010 0.16 0.20
o
Puc. 1. 3aBUCIMOCTB (pa30BO CKOPOCTH Fig. 1. Dependence of the phase velocity
BOITHEI ¢ (M/C) OT KOHIICHTPAIHX of the wave ¢ (m/s) on the concentration
TUCTIEPCHOH (hasbl o: of the dispersed phase a,:
P9 =1 700 kr/v’, P9 = 1,700 kg/m’,
———— pI=2000 kr/v?, ———— p3=2,000 kg/m?,
—-—-—pg:2200Kr/M3 _-—-—pg:2,200kg/m3
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3akiarouenne

Ha ocnoBe cxembl coBmecTHOro aAedopmupoBanus a3 X.A. Paxmarynuna nocras-
JIeHA HEJIMHEHHas KpaeBas 3a7ada O PacIpOCTPAHEHUU IIOBEPXHOCTHBIX BOJH IIO
cII010 IByX(ha3HOM CMECH HEeOrpaHMYEHHOW ITyOMHBI. B nmHeiiHOM npuOnnkeHnn
HalJIeHO pelIeHue 3a/1auu B BUJIC 3aTyXalOMUX OeTyIIUX BOJIH, NOITy4eHBl AUCIIEep-
CHOHHBIE COOTHOLICHUSI AT onpeaesieHus (ha30BOi CKOPOCTHU U AEKPEMEHTA 3aTyXa-
HUS BOJIHBL.
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Abstract

This article considers the problem of the propagation of waves on the free surface of a two-
phase mixture of infinite depth. The author finds the asymptotic solution of the problem in
the linear approximation. Multiphase media characterized by the presence of macroscopic
inclusions (in comparison with molecular scales) are present in nature, widely distributed
in technological processes. Disperse mixtures consisting of two phases are the simplest of
them. Mathematical modeling of such media is complicated by the need to take into account
the effects of interfacial interaction; that significantly increases the number of parameters
in the equations.

Therefore, the main difficulty in constructing a mathematical model is the creation of a closed
system of equations. This paper uses the scheme of joint phase deformation proposed by
H. A. Rakhmatullin (as a closing condition, the assumption of equal pressure in phases is used).
The author considers a nonlinear boundary value problem of the propagation of surface waves
along a layer of a two-phase mixture of infinite depth; as the carrier phase, an incompressible
ideal liquid is chosen, the dispersed phase is solid non-deformable particles. The author assumes
that the length of the surface wave is much greater than its height. The asymptotic solution
of the problem in the linear approximation with respect to a small amplitude parameter in the
form of damped traveling waves is found. The pressure, the velocity of the wave motion of
the dispersed and carrier phase, and the shape of the free surface are determined. The paper
shows that the perturbation of the concentration of the second phase is of a higher order of
smallness in comparison with the wave perturbations of the phase and pressure velocities.
Dispersion relations are obtained to determine the phase velocity and the damping decrement
of the wave. Calculations are performed to illustrate the results obtained.
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